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Abstract 
Suppose that n types of components M1, M2… Mn are combined to form and integrated object I and suppose that y units of the 
integrated object are required to be formed. Assuming that not all components can be used in forming the integrated objects, let qj 
be the percentage of usable components of the jth type, a random variable having a probability density function fj(qj). Let wj be the 
normalized random variable obtained from qj by wj = qj/μj, where μj is the expected value of qj. Consider the random variable
W=Min{wj, 1  j  n}. This paper describes the joint probability distribution of the set of the normalized random variables and 
determines the probability distribution of the minimum W of this set. The expected value of W is key to determining the number 
of components needed to form the y integrated objects. A special case is presented where the percentages of usable components 
are uniformly distributed. The problem is applied to a production model.  
© 2016 The Authors. Published by Elsevier Ltd. 
Peer-review under responsibility of the Ardabil Industrial Management Institute. 
Keywords: Random Variables; Joint Probability Distribution; Usable Components; Uniform Distribution  
1. Introduction 
Suppose that n types of components M1, M2, …, Mn are combined to form one integrated object I and suppose that 
y integrated objects are to be formed. It is assumed that each integrated object requires one component of each type 
and not all components can be used in forming the integrated objects. That is, each set of components contains a 
percentage of usable items. This percentage is a random variable having a known probability density function. The 
number of components of each type needed to form the required y integrated objects is obtained by determining the 
probability distribution of the minimum of a set of normalized random variables obtained from the percentages of 
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usable components. This provides an exact solution to a model introduced by Khan and Jaber (2011) who proposed 
an approximate solution based on a very restrictive and unrealistic assumption.      
 
The aim of this paper is to solve the problem of determining the number of components of each type needed to 
form the y integrated objects. A special case is presented where the number of components is two and their 
corresponding percentages of usable components are uniformly distributed. A numerical example is provided to 
illustrate the special case. The general solution is applied to production model that can be used to provide an exact 
solution to the model of Khan and Jaber (2011).  
 
2. The Statistical Problem 
Consider a set of n independent random variables {q1, q2, …, qn}, and let fj(qj) be the probability density function 
of qj, 1  j  n. For each qj, define the normalized random variables to be wj = qj/μj, where μj is the expected value of 
qj. Let gj(wj) denote the probability density function of the random variable wj and let Gj(t) be its a cumulative 
distribution; i.e,  Gj(t) = Prob(wj  t). Then, w1, w2, …, wn are also independent and their joint probability 
distribution  g(w1, w2,…, wn) is the product g1(w1)g2(w2)… gn(wn). Also, the expected value of wj is equal to one and 
the its standard deviation is μj/Vj. Define the random variable W to be the minimum of w1, w2, …, wn. That is, W = 
Min{wj, 1  j  n} = Min{qj/μj, 1  j  n}. The cumulative distribution G(t) of W is given by  
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where the region B is the intersection between the domain of g(w1, w2, …, wn) and the region representing W  t. 
Using the fact that w1, w2, …, wn are independent and the fact that B is a cube-like region, we have  
).()...()()(...)()(
...),...,,(...)(Prob)(
212211
2121
tGtGtGdwwgdwwgdwwg
dwdwdwwwwgtWtG
n
t
nn
tt
B nn
 ¸
¹
·¨
©
§¸
¹
·¨
©
§¸
¹
·¨
©
§ 
 d 
³³³
³ ³ ³
fff
  (1)
Once the cumulative distribution G(t) is determined, the probability density function g(t) is obtained by 
differentiating G(t) and the expected value μ of W can be calculated by 
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To illustrate, we consider the case where each qj is uniformly distributed over [aj, bj], so that μj = E[qj] = 
(aj+bj)/2. Then, wj = qj/μj is uniformly distributed over [aj/μj, bj/μj] and E[Wj] = 1. Since E[Wj] = 1 is the midpoint, 
the interval [aj/μj, bj/μj],  we can write [aj/μj, bj/μj] = [1 mj, 1+mj], where mj = (bjaj)/(aj+bj). Hence, the probability 
density function of wj is gj(wj) = 1/(2mj) and its cumulative probability density function is given by  
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From (1), G(t) is obtained from G1(t)G2(t)… Gn(t) and the probability density function of W is g(t) = dG(t)/dt. 
Equation (2) can then be used to calculated the expected value of W.    
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For the case when n = 2, the joint distribution g(w1, w2) = g1(w1)g2(w2) = 1/(4m1m2), defined over the rectangular 
region R = {(w1,w2): 1 m1  w1  1 + m1, 1 m2  w2  1 + m2}. Assuming m1  m2 and using equations (1) and (3), 
the cumulative distribution G(t) of W is given by     
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The probability density function g(t) for W is obtained by differentiating G(t) in (4). From (2), we have that the 
expected value is given by 
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3. Determining the Number Components Model 
Consider the problem of determining the number of components of each type M1, M2, …, Mn needed if y
integrated objects are to be formed, where each integrated object I requires one component of each type. It is 
assumed that not all components can be used in forming the integrated objects so that each set of components 
contains a percentage of usable components. Let qj  be the percentage of usable components of type j, a random 
variable having a known probability density function fj (qj).  
The number of components of each type needed to form the required y integrated objects, uj, is obtained by 
determining the probability distribution of the minimum of a set of normalized random variables obtained from the 
percentages qj of usable components. To see this, we first set the number of available components of type j, 1  j  
n, to be uj = y/μj. Hence, each component of type j contains Zj = qjuj = qjy/μj components that can be used to form 
used the y integrated objects. Hence, the expected value of Zj is E[Zj] = E[qjuj] = E[qjy/μj] = (y/μj)E[qj] = (y/μj)μj = y. 
Let Z be the actual number of integrated objects that can be formed from the available usable components. Then,   
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Then, Z is a random variable whose probability density function is determined by the joint distribution of the 
normalized random variables wj = qj/μj, 1  j  n. Let μ denote the expected value of W = Min{wj = qj/μj, 1  j  n}. 
From (6), we have that the expected number of integrated objects I that can be formed from the available usable 
components is   
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The expected value μ is obtained from equations (1) and (2).  
In the case of n = 2 and each qj is uniformly distributed, equations (5) and (7) give 
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4. The Production Model 
The classical Economic Production Quantity (EPQ) inventory model is based on several simplifying assumptions 
and do not consider many factors that may be encountered in real life. Recently, the classical EPQ models have been 
extended in many directions to account for imperfect quality items. One modelling approach was triggered by the 
work of Salameh and Jaber (2000) in which a model was developed to determine the optimal lot size where each lot 
delivered by the supplier contains imperfect items with a known probability density function. El-Kassar (2009) 
presented an inventory model with imperfect quality finished product. El-Kassar et al. (2010) developed an EPQ 
model that accounts for the production costs that occur at the various stages of production. The model did not 
account for the cost or quality of the raw material/components needed at the various stages of production. Arayssi, 
M., & Yassine, N. (2014) presented an inventory model with quality and short-term financing. A review of those 
works that extended, modified or critiqued the work of Salameh and Jaber (2000) can be found in Khan et al. 
(2011). 
Salameh & El-Kassar (2007) presented an EPQ model that uses one type of raw material. Khan and Jaber (2011) 
presented a two-stage supply chain incorporating imperfect items of several types of raw material obtained from 
suppliers. Their proposed optimal solution was based on a very restrictive assumption. In the following, we propose a 
production model based on the results of sections 2 and 3 that gives an exact solution that eliminates these restrictive 
assumptions.   
Consider the case of a production process that requires n types of components/raw materials to produce a single 
item of the finished product. Suppose that a single item of the finished product requires one component of each type. 
Let D and P be the finished product demand rate and production rate, where P>D, and let y be the order size of 
finished product per production cycle. At the beginning of the inventory cycle, an order of size uj = y/μj components 
of each type, 1  j  n, is received. We assume that each order contains a percentage qj of non-defective 
components, a random variable with a known probability density function fj(qj). Hence, each order contains Zj = qjuj 
= qjy/μj components of type j that can be used in production of the finished product. The actual number of finished 
product produced using the non-defective components obtained from orders received at the beginning of the cycle is 
then given by (6) and its expected value is obtained from (7). 
 For each j, define ej = ZjZ, the number of non-defective components of type j not used in the production of the 
y units of the finished product. Since E[Zj] = y and E[Z] = yμ, we have that  
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which is the same for components of all types. Thus, y(1μ) is the expected number of on hand inventory of non-
defective components of type j not used in production. This treatment gives an exact solution to the problem of 
Khan et al. (2011).  
In the case when each n = 2 and each qj, j = 1, 2, is uniformly distributed, equations (3) and (9) give that  
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5. Numerical Example 
Consider the case where the y = 2400 units of an integrated object I are to be formed and each integrated product 
requires one unit of each of two types of components, M1 and M2. Given that any set of components of type 1 
contains a percentage q1 of non-usable items, where q1 is uniformly distributed over [70%, 90%]. Similarly, 
components of type 2 are assumed to contain a percentage q2 of non-usable items, a random variable uniformly 
distributed over the interval [60%, 90%].  
The parameters of this problem are: y =2400; a1 = 0.70, b1 = 0.90, a2 = 0.60, and b2 = 0.90. To obtain the number 
of components of each type required for the 2400 units of integrated objects, we first calculate μ1 = (a1+ b1)/2 = 80% 
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and μ2 = (a2+ b2)/2 = 75%. Next, we set the number of components of type 1 to be u1 = y/µ1 = 3000 units. Similarly, 
for the type 2 components, u2 = y/µ2 = 3200 units. To determine the expected number of integrated objects to be 
formed, we use equation (7) so that E[Z] = μy. Now W1 = q1/μ1 is uniformly distributed over [0.875, 1.125] so that 
m1 = 0.125 and g1(w1) = 1/(2m1) = 4. Similarly, W2 = q2/μ2 is uniformly distributed over [0.80, 1.20], where m2 = 
0.20, and g2(w2) = 1/(2m2) = 2.4. From (5), the random variable W = Min{W1, W2} has an expected value of E[W] = 
μ = 0.9435. Therefore, (7) and (10) give that E[Z] = μy = 2264 and E[e1] = E[e2] = 136. Note that the number of 
non-defective of components out of the 3000 units type 1, Z1, is uniformly distributed over [2100, 2700], and the 
distribution for Z2 is uniform over [1920, 2880]. Also note that only 2264 integrated units of the required y = 2400 
are actually formed. This problem can be easily remedied by adjusting u1 and u2 by a factor of 1/μ. Hence, the 
number of components of each type needed are u1 = 3180 units and u2 = 3392 units.  
6. Conclusion 
This paper described the joint probability distribution of a set of normalized random variables and determined the 
probability distribution of the minimum of this set. The expected value of this minimum is key to determining the 
number of components needed to form a given number of integrated objects obtained from several types of 
components. A special case was presented where the percentages of usable components are uniformly distributed. 
The problem is applied to a production model with defective components. The statistical problem was illustrated 
using uniform distribution and only two types of components. For future research, we suggest that the statistical 
problem be applied to the case where more than two types of components are required and to the case when the 
random variables have non-uniform distributions.  
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